This note examines maximum principles for systems of parabolic partial differential equations describing diffusion in the presence of three diffusion paths. The particular system under consideration arises from a random walk model. For a more general system constraints on the various constants are given which guarantee maximum principles. Remarkably, the physical system arising from the random walk model automatically satisfies these constraints.
Introduction
The diffusion of ions and point defects in metals which are comprised of a continuous distribution of high-diffusivity paths such as grain boundaries and dislocations has recently been modelled by Aifantis [1, 2] . In the general theory it is assumed that each point of the medium is simultaneously occupied by n diffusion paths and the concentrations in each diffusion path are governed by a system of n parabolic partial differential equations. Recently, Hill [8] presented a simple discrete random walk model for diffusion which, in the continuous limit, gives rise to this system of partial differential equations. Extensive study has been completed for diffusion in the presence of two diffusion paths and the reader is referred to Aifantis and Hill [3] , Hill and Aifantis [10] and Hill [9] . Further applications for this system of parabolic differential equations, when n = 2, arise in the theories of seepage of homogeneous liquids in fissured rocks (Barenblatt, Zheltov and Kochina [4] ), the conduction of heat in heterogeneous media (Rubinstein [13] ), and the transport of water through plant tissue (Molz [12] Thus, remarkably, a maximum principle is available for the physical system (1.1) without imposing any further conditions on the constants a IJ . These results are given as theorems in the following section.
Maximum principles
In this section maximum principles are obtained for the systems (1.1) and (1.2). The concentrations u ]t u 2 and « 3 are defined over a bounded domain fl in the x-space and for the finite time interval, 0 =£ t < T. This region of x -t space is [ 3 ] Diffusion in three paths 419 denoted by
where 3S2 is the piecewise continuously differentiable surface of fi. Theorem 2.1 states that for particular conditions on the concentrations, at least one of the concentrations in the system (1.2) must attain its maximum on the boundary of R, whenever conditions ( 
{ ' '
Assume that uf, u* and u* all attain their maximum values in the interior of R, respectively at the points (x,, f,), (x 2 , t 2 ) and (x 3 , ? 3 ). Thereforê
It is observed that if uf has a maximum on S2 X (/ = T), then du*/dt > 0 there. This only serves to strengthen the following inequalities. The substitution of (2.6) into (2.5) yields /,) + fl I3 «;(x,, r,) > 0,
7)
The assumption that wf, «* and M* attain their maximum values at (x,, /,), (x 2 , t 2 ) and (x 3 , / 3 ) respectively, implies Letting e approach zero yields M|<maxM, or « 2 < m a x « , or w , < m a x « 3 , (2.14)
concluding the proof of the theorem. As a direct consequence of substituting (1.4) into the above theorem, the corresponding maximum principle is obtained for (1.1). It has already been noted that conditions (iv) and (v) of Theorem 2.1 are trivially satisfied upon this substitution. Therefore the corresponding maximum principle for diffusion in the presence of three diffusion paths is as follows. DEFINITION There exist similar sets of conditions under which a maximum principle holds for systems with four diffusion paths. For further results concerning maximum principles for coupled parabolic systems the reader is referred to Dow [5] , Dow [6] , Dow and Vyborny [7] and McNabb [11] .
